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Abstract. In this paper we consider bounded operators on infinite graphs, in particular Cayley 
graphs of amenable groups. The operators satisfy an equivariance condition which is formulated 
in terms of a colouring of the vertex set of the underlying graph. In this setting it is natural to 
expect that the integrated density of states (IDS), or spectral distribution function, exists. We 
show that it can be defined as the uniform limit of approximants associated to finite matrices. 
The proof is based on a Banach space valued ergodic theorem which even allows explicit con- 
vergence estimates. Our result applies to a variety of group structures and colouring types, in 
particular to periodic operators and percolation- type Hamiltonians. 



1. Introduction 

The topic of this paper is located at the interface between geometric group theory and functional 
analysis. The considered geometric setting is provided by a Cayley graph of an amenable group. 
We study almost-additive functions mapping finite subsets of the graph into a fixed Banach space. 
These functions are given in terms of a colouring of vertices of the graph. In the applications we 
have in mind, the colouring is oftentimes a realisation of a stochastic field on the graph. Under 
certain conditions on the tiling properties of the group, and on frequencies of patterns occurring 
in the colouring, we derive a Banach-space valued ergodic theorem. 

This result is then applied to the study of the integrated density of states of equivariant Hamilton 
operators on graphs. The integrated density of states is also called spectral distribution function. 
We abbreviate it in the sequel by IDS. We show that the IDS can be approximated by normalised 
eigenvalue counting functions (associated to finite volume restrictions of the operator) uniformly 
in the energy variable. 

Let us describe the contents of the paper more precisely. At the end of this section we discuss 
earlier results which are related to ours. In the next section we give precise definitions of the 
graphs we are working on and the conditions they should satisfy. In particular, we require the 
existence of a F0lner sequence with the additional property that translates of each set occurring 
in the sequence form a decomposition of the whole graph. Moreover, we define the notions of a 
colouring of a graph, of a pattern and a frequency of a pattern along a F0lner sequence. Last but 
not least, in Section 3 it is explained when a function taking finite subsets of the graph into a 
Banach space is called almost additive and invariant with respect to a colouring. 

For such functions we formulate and prove a Banach-space valued ergodic theorem in Section 
3. The subsequent section is devoted to Hamilton operators on graphs and their IDS. The link to 
the previous sections is given by the requirement that the Hamilton operator is in an appropriate 
sense equivariant with respect to the colouring of a graph. For each finite subset of the graph there 
is a natural restriction of the operator to this subset which is given by a finite dimensional matrix. 
The eigenvalue counting function of such a matrix is an element of the Banach space of bounded, 
right-continuous functions. The map taking finite subsets of the graph into the mentioned Banach 
space can be shown to be almost additive and invariant. Thus the ergodic theorem of Section 3 
can be applied and yields the uniform approximability of the IDS by its finite volume analogues. 

In the penultimate section we discuss specific examples where the assumptions of our theorems 
are satisfied. On the one hand we give for the euclidean lattice 1/^ and the Heisenberg group iJs 
explicit F0lner sequences which satisfy the geometric requirements needed to deal with almost 
additive functions. On the other hand we show that Laplace operators on periodic graphs and 
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percolation subgraphs thereof define a Hamiltonian which is invariant with respect to a colouring. 
More precisely, up to a set of measure zero, each realisation of the percolation process gives a 
colouring with well-defined frequencies of patterns. The Laplacian on the percolation subgraph is 
invariant with respect to this colouring. The periodic model corresponds to the trivial case where 
the percolation cluster is the whole graph. 

In the last section we discuss some open questions. 

Let us compare the results of this paper to previous ones. The approximability or convergence 
of the IDS is a topic well studied in the mathematical physics literature. For ergodic random 
and almost-periodic operators in Euclidean space the existence of the IDS was first rigorously 
proven in the seminal papers |Pas71[ IShu79j . See |KM07[ IVes07| for surveys on this topic and a 
discussion of the extensive literature up to '07. In the mathematical physics literature one typically 
considers operators on euclidean spaces K'' or which are invariant and ergodic with respect to 
a (commutative) group of translations acting on the underlying space. In such a setting, it is well 
known that the IDS converges almost surely and at all energies at which the IDS is continuous. 
Let us note that this type of convergence is weaker than pointwise convergence at all energies, let 
alone uniform convergence. 

In the geometry literature the IDS is called spectral distribution function. It has been studied 
for Lapacians and periodic Schrodinger operators on covering manifolds and periodic graphs. In 
various instances the approximability of the IDS by its finite volume analogues has been established 
in the topology of pointwise convergence. For periodic and random Schrodinger operators on 
manifolds this has been done in jSznSQI [Siil9gjgS93llPV02[ ILPV04] and for finite difi'erence 
operators on periodic graphs in jMY02l[MSY03irDLM+0 3'.'Vcs05|. Previously, the approximability 
of £2-Betti numbers has been established in [DM97[ |DM98> ,Eck99l ILS99| . Since the zeroth ^^-Betti 
number is the value of the IDS at energy zero, these results are intimately connected. They can 
be understood as dealing with existence of the IDS in a single point. The monograph [Liic02| and 
the collection of talks |DLSV06] give a survey of results in this direction and an overview of the 
literature up to '06. 

Having discussed pointwise convergence of the normalised eigenvalue counting functions to the 
IDS, we now turn to previous results which concern the convergence with respect to the supremum 
norm. Here, we discuss earlier papers in some detail, since they are closely related to our own 
result. There are essentially two approaches to uniform convergence results: 

One approach is based on Banach-space valued ergodic theorems. The uniform convergence of 
the IDS is then nothing but a special instance of a geometry based averaging result valid for a 
rather general class of functions. This approach has been first developed for quasi-periodic tilings 
in Euclidean space in jLS06| (see jGH91| and |Bes08| for related ergodic theorems as well). A 
similar ergodic type result was then established for colourings of Z,'^ (see [Len02| for the one- 
dimensional case as well) and used to prove uniform convergence of the IDS for corresponding 
models in [LMV08| . These papers are strongly rooted in the rather simple geometry of Euclidean 
spaces and their sublattices. On the conceptual level, our main goal here is to achieve an extension 
of the approach in [LMVOSj to the non abelian situation. 

As far as uniform convergence of the IDS is concerned there exists also a diiTerent approach. 
This approach does not use (or give) a Banach space valued averaging procedure for general 
functions. It is rather tailored to deal with the IDS as it relies on special properties of converging 
sequences of measures on the real line. This is first discussed in the preprint ^Ele06b] for a class of 
graphs called abstract quasi-crystal graphs, see also |Ele06a| . In jLV09| uniform convergence of the 
IDS was then established for a large class of equivariant ergodic Hamiltonians on graphs. While 
the geometric setting there includes our main examples discussed in the penultimate section it 
falls short of our present results in at least two ways: It does not give the explicit error bounds 
we achieve here and it can not be used to treat single operators but can only deal with ergodic 
families. 

To illustrate the relevance of the two last mentioned features let us discuss in some more detail 
the implications of the approximability of the IDS. The main theorem in Section 4 establishes that 
the IDS is well defined. More precisely, it is shown that the sequence of distribution functions 
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(the normalised eigenvalue counting functions) converges to some element of a Banach space. In 
certain situations there is an alternative way to define the IDS in operator-algebraic terms. The 
corresponding formula is sometimes called Pastur-Shubin trace formula, cf. Remark l5.6l Thus the 
question arises whether the two definitions of the IDS coincide. Indeed, the answer to this question 
depends on the amenability properties of the underlying space. There are examples where the two 
definitions lead to two different distribution functions, see e.g. Section 4 of jAS93| . 

In the context of mathematical physics the definition using the approximation by eigenvalue 
counting functions is more relevant. It corresponds more closely to the intuition of physicists. In 
fact, properties of the infinite volume system are oftentimes studied via its finite volume approxi- 
mants, and vice versa. Let us point out several examples for this approach. 

An key feature of the IDS is its asymptotics near the bottom of the spectrum of the underlying 
operator. If the latter is periodic one expects a van Hove behaviour, i.e. polynomial vanishing 
of the IDS. If the operator is 'sufficiently random', one expects a Lifshitz behaviour, namely that 
the IDS goes to zero at an exponential rate. To establish this result one estimates the lowest 
eigenvalue of a properly scaled finite volume system. However, this bound is only useful if one 
has control of the difference between the IDS and its finite volume approximant. For this purpose 
various approaches have been implemented in the cuclidan setting. For instance one can sandwich 
the IDS between two different finite volume approximants, one giving a lower and the other an 
upper bound, and control their distance. The papers jKM83| and [Sim85j are instances where 
this method has been implemented. A different approach is to use the specific structure of the 
operator under consideration to obtain very fast convergence of the averaged finite volume IDS to 
its infinite volume analogue, cf. e.g. |Klo99j . More information on this topic can be found in the 
overview article |KM07j and the references therein. 

From the physics point of view it is also important to understand the quantitative continuity and 
differentiability properties of the IDS. This is often achieved by first proving a related statement 
(called Wegncr estimate) for finite volume systems and then carrying it over to the infinite volume. 
In special situations it is expedient to go in the reverse direction, see for instance in |CKM87| . For 
detailed information see e. g. the surveys [KM07[ rVes07| . 

We finish this section by shortly discussing the relevance of our single colouring based approach 
compared to an approach dealing with ergodic families of colourings. Basically, there are two 
advantages. One advantage is the explicit description of the set of colourings where convergence 
holds. More precisely, convergence holds whenever frequencies exist. The other advantage is that 
we can deal with situations in which there is no natural ergodic system at ones disposal. A simple 
example of such a system is given by the set of visible points in . This set consists of those 
points in which can be seen from the origin i.e. whose coordinates have greatest common 
divisor equal to one. By colouring the visible points with one colour and the other points of Z'' 
with another colour one obtains a colouring. In this example frequencies exist along cubes centered 
at the origin. However, there does not seem to be a natural ergodic system. The corresponding 
ergodic theorem in this (abelian) situation was already discussed in (LMV08) to which we also 
refer for further references on the set of visible points. 

2. Basics and notation 

This paper concerns operators on Cayley graphs of finitely generated, amenable groups. The 
group will usually be denoted by G, a finite generating system by S and the unit element by e. 
We assume S to be symmetric, i.e. s £ S* ^ s^^ e 5. A word with letters in 5 is a finite sequence 
w = (si, . . . , sl) of elements from S. The length of such a word w is L, the number of letters, 
and the value wJ of u; is the element of G one gets by evaluating the product w = si ■ ■ ■ s^. We 
define the distance between two given elements g,h £ G sls the minimal length of a word with 
value g~^h, which gives us the so called word metric ds ■ G x G ^ Nq 

ds{g, h) := min{L G No | so = e, Elsi, . . . ,sl E S such that sqSi ■ • ■ = g^^h}. 

We denote a ball of radius R around an element x G G by Bii{x) := {g G G\ds{g, x) < R} and the 
ball around the unit element hy Br Bji(e). Given a finite subset Q C G we define the diameter 
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by diam((3) := max{ds{g,h)\g,h G Q} and use \Q\ to denote the cardinality of Q. Furthermore 
we introduce the foUowing notation related to the boundary of a finite subset Q C_ G: 

dLiQ) -^{^eQl dsix, G\Q)<R} 9«,(Q) {a; e G \ Q | dsix, Q) < R} 

(1) 

d''iQ):=dg,iQ)Udg,{Q) QR:^Q\d"iQ) Q^:=QU9«(0) 

We use the notations (Qn) and (Qra)„eN for a sequence of finite subsets of G, where the index n 
takes values in N and we write Qn,R instead of {Qn)R- It is well known [Ada93j . that amenability 
of G is equivalent to the existence of a sequence {Qn)nm of finite subsets of G such that 

,. \Q71S \ Qn „ 

holds. Such a sequence (Qn)neN is called F0lner sequence. Given a set Q C G a partition of Q 
is a set of pairwise disjoint subsets Qi, z € / of Q such that IJie/ ~ where / is some index 
set. We say that Q Q G tiles the group G or Q is a monotile of G if there exists a set if C G 
such that {Qg \ g G K} is a partition of G. In this case {Qg \ g £ K] is called a tiling of the 
group along the grid K . If additionally K = K^^ holds, we say that Q symmetrically tiles G or 
{Qg I g € is a symmetric tiling of G. An assumption on the group G will be the following: 
there exists a F0lner sequence (Qn) such that for each n € N the set Qn symmetrically tiles G. 

In order to define colourings and patterns we denote the set of all finite subsets of G by J-{G) 
and introduce an arbitrary finite set A, which could be seen as the set of possible colours. A 
colouring is a map C : G ^ A and a pattern is a map P : D{P) A, where D{P) G ^{G) is 
called the domain of P. The set of all patterns is denoted by V and for a fixed Q G -^(G) the 
subset of V which contains only the patterns with domain Q is denoted by V{Q). Given a set 
Q ^ D{P) and an element x G G we furthermore define a restriction of a pattern by P\q : Q ^ A, 
g t-^ Plgig) = Pig) and a translation of a pattern Px : D{P)x A,yx 1-^ P{y)- Two patterns 
are called equivalent if one is a translation of the other. The equivalence class of a pattern P is 
denoted by P. We write V for the induced set of equivalence classes in V . For two patterns P 
and P' the number of occurrences of the pattern P in P' is denoted by 

ttp(P') := \{xGG\D{P)x<ZD{P'),P'\DiP)a.^Px)\. 

Counting occurrences of patterns along a F0lner sequence {Uj)j^n leads to the definition of fre- 
quencies. If for a pattern P and a F0lner sequence {Uj)j^iq the limit 

vp := lim — j 

]^oo \Uj\ 

exists, we call vp the frequency of P in the colouring C along (C/j)jgN- 
Lemma 2.1. (a) For an arbitrary Q G J'{G) one has the equalities 

U """^ d^M^ \J {Qs\Q). 

sEBr seBit 

(b) // (t/j)jgN 'is a F0lner sequence we have for any i? G N 

Imi " , = 0, hm , = and lim — f- = 0. 

j-)-oo \Uj\ j-i-oo \Uj\ j^oo \Uj\ 

(c) The sequence (Uj_p)j^jq is a F0lner sequence if {Uj)j£fi is one. 

(d) // Vp is the frequency of a pattern P along the F0lner sequence (Uj)ji=fi then vp is the 
frequency of P along {Uj,p)j(=m as well. 

The proof of this Lemma is stated in the appendix. 

Remark 2.2. Certain considerations outlined in Lemma |2. II can be simplified if the identity element 
e is contained in the generating set 5*. In this situation we have that the sequence (t/j)jgN is a 
F0lner sequence if and only if 

(2) lim §^ = 1. 

J^OO \Uj\ 
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For the proof of this note that Uj C UjS since S contains the unit element e. Therefore we have 

\U3S\U,\ \u,s\-\u,\ _ \u,s\ 



\U3\ \u,\ \u,\ 



- 1. 



which directly implies the claimed equivalence. 



In order to state the announced ergodic theorem for Banach valued functions, we need the 
following definitions: 

Definition 2.3. A function h : J-{G) — s> [0, oo) is called a boundary term if 

(a) b{Q) = b{Qx) for all a; £ G and ah Q G J"(G), 

(b) lim ^ i iyV = for any F0lner sequence [Uj) and 

(c) there exists D>Q with b{Q) < D|Q| for all Q e J"(G). 

For a pattern P we define b[P) := b{D{P)). Due to property (a) the value b{P) depends only 
on the equivalence class of a pattern. Thus b{P) := b{P) is well-defined. 

Definition 2.4. Let {X, || • ||) be a Banach space and F a function F : V X. We call F ahnost- 
additive if there exists a boundary term 6 such that for any P G V and any disjoint decomposition 
P = [J^^i Pk of a representative P of P we have: 



P(P)-^P(P,) 



m 

fe=i 



Let P : P — > X be an almost additive function and P an arbitrary pattern. If we decompose P 
into |P'(P)| one-element patterns Pk with disjoint domains, i.e. P = [jPk we obtain 

(3) \\F{P)\\ < \\F{P) -Y.FiPk)\\ + \\Y.F{Pk)\\ <Y.biPk) + ^ \\FiPk)\\. 

Since all D{Pk) contain exactly one element, b{Pk) is independent of k and F{Pk) can take at 
most 1^1 different values. Therefore it follows 

(4) \\F{P)\\<C\D{P)\ withG = 6(e) + max|lP(e-;)||. 

Here e is the unit element considered as a vertex of the Cayley graph, and : {e} — A the map 
ea(e) = a. A given colouring C on G and an almost-additive function P : P — > X give rise to a 
function 

P:P(G)^X, F{Q) := F{C\q) for Q G P(G). 

The following properties of P obviously hold 

(i) C-invariant: if a; G G is such that the patterns C\q and C\qx are equivalent, then we have 

P(Q) = P(Qx), 

(ii) almost additive: if Q^, k ^ 1, . . . , n are disjoint subsets of G, then we have 



mm m 



k=l 

(iii) bounded: there exists a G > such that 

\\F{Q)\\<C\Q\ foraUQGP(G). 

A C-invariant and almost additive function P : J'{G) — > AT is automatically bounded. This follows 
from an estimate analogous to Instead of defining P based on P one could also proceed the 
other way around: if a function P : P(G) — >■ X with the properties (i) and (ii) is given, define 
P : P — > A by the following procedure. If for P G P there exists an Q G -P(G) such that C\q ~ P 
set P(P) = F{Q). This definition is independent of the particular choice of Q by the C-invariance 
of P. If such a Q does not exist, set P(P) = 0. Therefore showing (i) and (ii) for P is the same 
as showing almost additivity for P. To simplify the notation we will write P(P) instead of P(P) 
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for a given pattern P £ V. In order to be able to refer to it later, we summarise the assumptions 
made in this section: 

Assumption 2.5. G is an amenable group generated by a finite and symmetric set S", .A is a 
finite set and C : G — > ^ is a map, which we will call a colouring. There exists a F0lner sequence 
(Qn)neN in G such that each element of this sequence symmetrically tiles the group. {Uj)j^t^ is 
a F0lner sequence along which the frequencies lyp = linij^oo l^^tJp(C|(7j ) exist for all patterns 
P ^ U„6N^(Qn)- II ' II) ^ Banach-space. 
Remark 2.6. Let us discuss Assumption 12.51 

• We assume that G contains a F0lncr sequence {Qn) such that each Q„ symmetrically 
tiles G. This condition is particularly satisfied if there exists a sequence of subgroups 
(G„)„gN such that one can choose the associated fundamental domains {Qn)neN to be a 
F0lner sequence. Based on a result of Weiss |Wei01| , Krieger proves in jKri07j that this is 
fuUfilled for any residually finite, amenable group. This gives that in particular any group 
of polynomial volume growth fits in our framework. 

• In the special case where the group equals Z,'^ it is convenient to think of the sets Uj as 
balls of radius j and of Qn as cubes of side length n. While both of them are F0lner 
sequences, (Qn) has the additional property that each Q„ symmetrically tiles Z,'^. Here 
we want the frequencies of the patterns to exist along the sequence of balls. 



3. An ergodic theorem 

Given the setting outlined in the previous section we are in the position to formulate the 
announced ergodic type theorem for certain Banach-space valued functions. 

Theorem 3.1. Assume \2.5l For a given C-invariant and almost- additive function F : J'{G) — > X 
the following limits 



F := lim 

j->oo 



If/, 



\Qn 



exist and are equal. Furthermore, for j, n G N the difference 



A{j,n) := 



m-) 



U, 



E 



F{P) 



\Qn\ 



satisfies the estimate 

,5) A„,„,<^„CH-I,)r" 



(Q.)C/, 



\Qn\ 



Pev{Q„ 



Proof. We firstly prove ([5|). By adding a zero we get 



A(j, n) 



F{U,) 



< 



F{U,) 



E 
E 

P€V(Qn 



h{C\u^)F{P) 

\Qn\ 



If/. 



E 

PeV{Q„ 



ttp(Ck,)f(P) 

IQnl 



\U, 



Vp 



E 

PeV{Q„ 



Vp- 



F{P) 



\Qn\ 



^p{C\u,)F{P) 



\Qr. 



E 

PeV{Q„) 



Vp 



Hp) 



With another application of the triangle inequality this gives 

A{j,n)<Di{j,n) + D2ij,n), 

where 



Diij,n) 



F{Uj) 



E 

PeviQn 



- E 

PeV{Q„ 

\ ip{c\u,) 
m 



ipiC\u,)F{P) 



\Uj\ \Qn 



Vp 



\F{P)\\ 



\Qn\ 
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We use the boundedness of F, see (HJ 

(6) \\nP)\\<C\Qn\, 
to obtain 

ttp(Ck/,) 



(7) 



If/. 



D2{j,n)<C J2 

PeV{Q„) 

For each fixed n S N the set Qn (symmetrically) tiles the group G, i.e. there exists a symmetric 
set Gn '^G such that G = UgGG„ QnQi where Qng n Qnh = for all g,h G Gn with g ^ h. This 
property remains valid after shifting the grid by an arbitrary G G. In fact we have 

where GnX^^ := G G„}. Still Q^g fl Qnh = holds for all distinct g,h G GnX~^, since 

g = gx~^ and h ~ hx~^ for some distinct g,h € G„ and 

Qng ri Qnh ^9 ^ g„ga;~^ n Q„/ia:;~^ = 4^ (5„5 n Q„/i = 0. 

Given a set A G ^(G) and an element x G G, we introduce the set of elements g G GnX~^ which 
gives rise to a translate Qng, which is not disjoint from A: 

S{A, X, n) {g G GnX'^ \ Qng r\A^%}. 
We distinguish two types of elements in S{A,x,n) 

I{A,x,n) -.^ {g <E GnX~^ \Qng A} and d[A,x,n) := S{A,x,n)\I{A,x,n). 
Since we have Qng C (5diamQ„^ ^ ^ and Qng C ^ for aU g G /(A, a;, n) the 

disjointness of the translates implies that the following inequalities hold: 

(8) • |Q„| < and \I{A,x,n)\ ■ \Qn\ <\A\. 

Given an ?i G N, A G ^(G) and a; G G we have Qng = Qng H A for g G /(A, .t, n) and thus 

T{A,x,n) := F{A) - ^ F(Q„5) = - ^ F{QngnA) 

geI{A,x,n) geI{A,x,n) 



< 



J2 F{Qngr\A) 



F{A) - ^(^"5 n A) 

gGS{A,x,n) 

where the last inequality holds since S{A,x,n) is the disjoint union of d{A,x,n) and I{A,x,n). 
Now we use the almost additivity and the boundedness of F and later on the properties of the 
boundary term b to obtain 



T{A,x,n) < ( KQng)+ KQngr\A) 

geI(A,x,n) g£d{A,x.n) 

< Y E D\Qn\+ Y 

geI{A,x,n) ged{A,x,n) ged{A,x,n) 

< \IiA,x,n)\biQn) + \diA,x,n)\{C + D)\Qn\. 
The inequalities ([8]) yield the estimate 



Y 



(9) 



T{A,x,n) < ^b{Qn) + {C + D)\d'''^^Q"A\. 

\Qn\ 



Furthermore we have the equality 

(10) {zeG\QnzCA}^ U ^ I ^ ^} 

XeQr^ 

since for each z G G there is a; G Qn and g G G„ with = xg and hence z = g~^x~^ G GnX'^, 
as G„ is a symmetric subset of G. To see that the union in (fTO)) is disjoint observe that for given 
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x,y G Qn with x and z G GnX^^ we have z^^ g xGn- By the tihiig property of Qn this gives 
z~^ ^ yGn and hence z ^ Gny~^ ■ 

The C-invariance of F and the equation (jlOp imply 



(11) J2 MC\u,)F{P)^ F{Qnz)^Yl E p(Q-9), 

from which we deduce 



Using E^GQ„ 1 = 1 we get 



' ' a:eQ„ gG/((7j,a;,n) 



= E (m-)- E 

' ' xeQ„ geI(Uj.x,n) 



gGl{Uj ,x,7i) 



T{U,.x,n) 



Now we use the estimate © for T{Uj,x,n) to obtain 



Diij,n) < 



E 



\Qn\ V IQ. 



xeQ„ 



l^diam Q„ ^ . 



IQnl ^^^'^"^^ 



Together with the upper bound for D2{j,n) in ([T]) we have 
A(j,n) < Di{j,n)+D2ij,n) 



for all j, ri G N. This proves Now the main part of the theorem follows readily. One 

immediately sees that A{j,n) tends to zero if j and n tend (in the right order) to infinity, i.e. 



(12) 

The triangle inequality shows that 



lim lim A(j, n) = 0. 



F{U,) FiUrn) 



F{U, 



PeV{Q„ 



Pev{Q„ 



\Qn 



Urr 



< A{j,n) + A{m,n) 



holds for all j, 171,11, G N. This implies that {\Uj\ ^F{Uj)) is a Cauchy sequence and hence con- 
vergent in the Banach space X . We use again to obtain that ^ ,,„EML 
the same limit. 



PGP{Q„) ^-PlQlf converges to 



With the help of the above theorem we are able to give an explicit bound for the distance 
between the approximants and the limit term. 

Corollary 3.2. Let the assumptions of Theorem \3.1\ be fulfilled. Then we have for all j, n £ N 

the estimates 



F 



mo 



< 2 



b{Qn 
\Qn\ 



|Qdiam(Q„)7-r.| 



PeP{Q„ 



Up 
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F 



E 



\Qn\ 



< 



HQr. 
\Qn 



Proof. By definition of F 





= lim 




A;— >-oo 



F{U,) F{U, 



\Uk\ 



holds. Tfie triangle inequality implies that for any 71 G N the above expression is less or equal to 



lim 



F{Uk) 



\Uk\ 



E 



Hp) 



E 



Pev{Q„) ' ' Per{Q„ 
Using the estimate ([S]) for A{j,n) we obtain 

'HQr. 





< lim 




k—¥oo \ 



\Qn 
KQn) 



+ iC + D) 



F{P) F{U,) 

\Qn\ 
|5diamQ„[/^| 



lim (A{k,n) +A{j,n)). 

A;— >-oo 



\Q 

MQn) 



+ {C + D) 



\Uk\ 



^ E 



\ipic\uj 



^ E 

P&V(Q„) 



\Uk\ 



Vp 



Vp 



\Qn\ 



+ {C + D) 



|gdiamQ„[/^. 



^ E 

PeViQr,) 



\ y{c\u,) 



Vp 



We use the same ideas to compute the distance to the second estimate: 



E 



Vp- 



F{P) 



Pev(Q„) 

fKQr. 



\Qn\ 



lim 



FiUk) 



FiP) 



\Uk\ ^ \Qn 



lim A(fc, n) 



- 1™ I 1^ 



|^diam(Q„)[/ I 

{c + d y" , +c 



\Uk\ 



PeV{Q„ 



\Uk\ 



Vp 



KQn) 
\Qn\ ' 



The assumptions of Theorem 13.11 and Corollary 13.21 are particularly satisfied if there exists a 
F0lner sequence {Qn)nefi along which the frequencies vp for all patterns P G UrieN^('3") exist 
and where each Qn symmetrically tiles G. This corresponds to the special case of Assumption 12.51 
where it is possible to choose (Uj) = (Qj). 

Remark 3.3. As the proof of Theorem 13.11 is based on the existence of a Cauchy sequence and 
its convergence, the completness of the image space X is an essential assumption. However, the 
existence of a norm on X can be replaced by the existence of a countable family of semi-norms. 
This gives rise to an induced metric on X. Therefore the above statements still hold true in the 
case were X is a Frcchet space. For similar reasoning see |LS06| . 



4. Approximation of the IDS 

We will use Theorem l3.1l to give an approximation estimate with respect to the supremum norm 
of the integrated density of states of certain operators. For this purpose we want to describe which 
class of operators can be treated by our method. Let H be a finite dimensional Hilbert space with 
scalar product (■, ■) and induced norm || • ||. We define 

£\G,n) — lu-.G^n^ 11^(^)11^ < 00 [ , 

I x£G J 

which is a Hilbert space as well. For an arbitrary element a; G G let 
(13) : i^{G, 'H)^n, p,iu) := u{x) 
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be the natural projection and 

(14) ix-n-^ e^G, n), h ^ i^{h) with ix{h){y) = hS,y 

the natural inclusion. Note that ix is the adjoint of Px- These maps can be generalised for subsets 
Q C G. The support of m G £^{G,T-l) is the set of those x G G, such that u{x) ^ 0. We identify 
f'{Q,W) = {u : Q ^ T^\J2xeQ < ^^^^ ^^e subspace of f{G,n) consisting of ah 

elements supported in Q. The map pg : 1^{G,H) — > £^{Q,H) is given by w n> pq{u), where 
Pq{u){x) ~ u{x) for X G Q. Similarly the inclusion ig : £^{Q,T-L) — !> 1^{G^'H) is given by 



iQ{u){x) 



u{x) if X G Q 
else 



In particular we will consider the restricted operator pqHiq : £^{Q,TL) — > £'^{Q,'H) for which we 
will use the notation 

H[Q] -.^pgHlQ. 

Definition 4.1. Let ^ be a finite set, C : G ^ A a, colouring and H : £^{G,'H) £^{G,'H) a 
selfadjoint operator. Then we say that 

(a) H is of finite range :0 3M > such that PyHix = for all x,y G G with ds{x, y) > M, 

(b) H is C-invariant 3N G N such that PyHix ~ PytHixt for all x,y,t G G obeying 

{C\BN{x)uBN(y))t = C\Bfj(xt)uBN{yt), 

(c) R{H) := max{M, N} is the overall range of H, if H is of finite range with parameter M 
and C-invariant with parameter N. 

Note that if H satisfies the condition (b) for some N, then it does so for any N > N a.s well. 

Remark 4.2 (Boundedness of H). We fix a basis of the Hilbert space H. Since is of finite 
dimension, for each pair x,y G G the mapping pyHix : H ^ H is given by a matrix of dimension 
dim('H) X dim('H). The C-invariance of H implies that the matrix corresponding to PyHix is a 
function of C restricted to B^(x) U Bf^(y). If H is of finite range, the matrix is in fact a function 
of C|B2ij(x) only. The reason is that for x and y with distance greater than M, pyHix vanishes 
identically, while for ds{x,y) < M the set Bm{x) L) Bf^{y) is contained in B2r{x). Since |.A| < oo 
and |i32i?(a:)| < oo there are only finitely many functions P : B2r{x) — > A and hence only finitely 
many values which the matrix valued function PyHix can take. From this we conclude that 

(15) c := sup snp{\\{pyHix)h\\ \ heH, \\h\\ < 1} 

x,yeG 

is finite. For a given ip G £^{G,'H) the finite range of H implies Hip{x) ^ J2yeBR(x)iPyB'''x)'^iy)- 
Hence 

\\Hp\\^ = {H^,H^) = Y,{Hv^{x),H^{x)) = Y,{ E (PxHtyMy), iP-Hi,)^{2 

xeG x£G y£BB,{x) zeBR{x) 

holds. The Cauchy-Schwarz inequality implies 

ll^^ll'<E E \\iPxmyMy)\\\\ipxm^)ipiz)\\<Y^ c'My)\\Mm 

xeG y,z€BR{x) xeG y,zeBri{x) 

with c as in ([TSj). Young's inequality 2||(p(a;)|| ||v3(y)|| < ||93(a;)|p + ||(y5(y)p yields that the last 
expression is less or equal to 

yE( E 11^(2^)11'+ E Mm'] - c'lBnij: E 11^ 

xeG \y,z!^Bii{x) y,z£BR{x) J xeGyeBR(x) 

This shows the boundedness of H: 

\\Hip\\<c\Bn\M. 



A BANACH SPACE- VALUED ERGODIC THEOREM AND THE UNIFORM APPROXIMATION OF THE IDS 11 



Definition 4.3. Let B{R.) be the Baiiach space of right-continuous, bounded functions / : M — > M 
equipped with suprcmum norm. For a selfadjoint operator ^ on a finite dimensional Hilbert space 
V we define its cumulative eigenvalue counting function n{A) S B{W) by setting 

niA)iE) \{ieN\ A, < E}\ 

for all £■ G R, where Xi,i = l,...,diml/ are the eigenvalues of A, counted according to their 
multiplicity. 

We will study functions n{H[Q]) for C-invariant operators H of finite range and Q G T{G). 
Dividing this function by the number of eigenvalues dim(H)|Q| of H[Q] gives rise to a distribution 
function of a probability measure. It encodes the distribution of the spectrum of H[Q]. One can 
hope that if Q tends to the whole group G in some appropriate sense, the normalised eigenvalue 
counting functions will converge to a limiting distribution. 

For this approximation to hold it is certainly a good idea to choose Q from a F0lner sequence 
(Uj)j,zfi of subsets in G. Indeed, it turns out that the above strategy can be implemented and 
in fact gives convergence of the distribution functions with respect to suprcmum norm. This is 
stated in Theorem 14.51 below . We formulate now a convenient assumption. 



Assumption 4.4. Assume 12.51 and additionally that H is a finite dimensional Hilbert space and 
that the operator H : £^{G,TL) ^ t^{G,'H) is selfadjoint, C-invariant and of finite range. Let 
R = R{H) denote the overall range of H. 

Theorem 4.5. Assume \4-4\ Then there exists a unique probability measure hh on R with distri- 
bution Junction Nh, such that the estimate 



dimin)\U,M 



H 



\u,\ 



holds for all j, n G N. This implies in particular the convergence 

n{H[U,.n]) . ^ 



|C/,-fl,|dim(H) 

with respect to the suprcmum norm for j oo. Nh is called the integrated density of states. 

For the proof we establish a couple of auxiliary results. 

Proposition 4.6. Assume\J^ The function : T{G) B(R), Q ^ F^{Q) n{H[Qii]) is 
C-invariant and almost- additive with the boundary term b{Q) 4:\d^'Q\ dim(TL) . 

Proof. Since R is the overall range of H the values of n{H[Qj^]) only depend on the colouring 
of Q, namely C\q, and hence is C-invariant. To show almost-additivity we use a decoupling 
argument. Let Q be a disjoint union of Qk for k ~ 1, . . . , m. By definition R is big enough so that 



lit lit 
H[[jQk,R\ =^H[Qk.n] 

k=l k=l 

holds. Therefore we can count the eigenvalues of H[Qk.R\ for fc = 1, . . . , m separately 

rn 

J2n{H[Q,,i,]). 

fe=i 

Now we can apply Proposition 17. 21 with V = £^{Qr, H) and U = ^'^(UfcLi Qk,R, H). Hence we get 



m 



k,R 

k=l fe=l 



m 

n(i/[Qfl])-n(i/[|J Q 



fe,-R 

k 



< 



4^|9^Qfc|dim(H) 



fe=i 



This proves the almost-additivity with the boundary term b{Q) := 4|i9^(5| dim(H). Note that 
HQ) < T)\Q\ with D = 4:\Br\ dim(H), in the notation of Definition O ■ 

From a calculation analogous to Q it is clear that F^ is bounded. Since the operator H[Qr] 
has exactely dim{'H)\QB.\ eigenvalues, the boundedness holds with the constant C = dim(H). 
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Proof of Theorem \4.5\ Since is C-invariant and almost-additive, we can apply Corollary 13.21 
which gives the existence of a function Nh with 



(16) 



N 



H 



\Qn\ 



Pev{Q„ 



Vp 



Vp 



for all J, n £ N. What remains to be done is to change the normalisation of F§ (U) = n{H[Up]). 
We know that \Uj^p\ — \Uj\ — \d^^f{Uj)\ and by expansion one can show that 

1 1 \dLiU,)\ 



holds. This gives us for all j, E N 



H 



> 



F^m 



H 



If/. 



H 



3,R\ 



\U,m\\U,\ 

FS{U.j)\dUU,)\ 



\U,m\\Uj\ 



By definition of F^l we have (C^^OHoo = dim('H)|?7j,i?,| which implies 



Fl^{U,)\dUU3)\ 



\UjM\uA 



dim{n) 



\dLm\ 



for all j e N. Hence, the estimate 



dim(H)|[/,-i?,| 



H 



IQnl 



- E 

P&V{Q„ 



\ y{c\u,) 



-Vp 



\UA 



holds for all j, 7i e N with Nh Nh/ dim{TL). By using Lemma [2.11 this shows the claimed 
convergence. I 

Since the eigenvalue counting function n is C-invariant, the function h on the set the equivalence 
classes of all patterns given by 



(17) 



n(P) 



n{H[Qp]) if Q e ^(G) s.t. P = C|q 
else 



is well defined. As before we write n{P) instead of n{P) for a given P G P. The following 
result is a direct consequence of the second estimate in Corollarv 13.21 and the boundary term from 
Proposition [ 



Corollary 4.7. Assume^J^and let Nh be defined as in Theorem \4.5\ Then the bound 



Nh- E 



Vp 



n{P) 



P(^V(Qr^) 



|Q„|dim(H) 



|a^(Qn)l 



< 4 



holds for all n £ N. 



We give a simple example to show that in general the IDS depends on the choice of the F0lner 
sequence (Uj). 



Example 4.8. Consider the usual graph of Z, the set of colours A = {black, white} and the 
colouring 

white if .T > or a: = 3fc for fc G Z 
black else 



C -.Z^A, 



C(x) 
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Deleting all edges which are incident with a white vertex gives rise to a new graph and hence a 
new adjacency operator A. This operator is sclfadjoint, of finite range and C-invariant. We choose 
two F0lner sequences (Uj) and (Vj) as follows 

(18) [/, ={l,...,3j} and = {-3j, . . . , -1}. 

Since for all j £ N all entries of the matrix A[Uj] are equal to zero, the IDS Njj with respect 
to the sequence (Uj) is 

if A < 

1 else. 



NuiX) 



Computing the IDS along the sequence (Vj) gives a completely different picture: The eigenvalues 
of the matrix A[Vj] are —1,0 and 1, each of them with multiplicity j. Therefore the IDS Ny with 
respect to the sequence {Vj) is the function 



iVy(A) = 




if A < -1 
if -1 < A < 
if < A < 1 
else. 



Assumption 4.9. Assume 14.41 and additionally that the frequencies vp are strictly positive for 
all patterns P E V which occur in C, i.e. for which there exists g € G with C\iy(^p)g = Pg 

Theorem 4.10. If we assume [4. ff[ then the spectrum of H equals the topological support of fin- 

Proof. Since the operator H is assumed to be of overall range R we have 

(19) m - X}u\\ = \\{H[Q] - X)pQul 

for all u with supp(u) C Qp. Let A be an clement of the spectrum <j{H), then iJ — A is not 
invcrtible. Thus, for each e > we can find a subset Q G J-{G) and a normalised vector u with 
support in Qp such that \\{H — \)u\\ < e holds. From this we know that (H — X)u is supported in 
Q and || {H[Q] — A)pqu|| < e by p^ . For each j G N we denote the number of disjoint occurrences 
of translates of C|q in the set Uj^p by k{j). This ensures the existence of k{j) pairwise orthogonal 
normalised vectors Ui, i = 1, . . . , k{j), where also (H — X)ui are pairwise orthogonal and of norm 
strictly less than e. Applying Proposition 17.41 we get that there must be at least k{j) eigenvalues 
in the interval (A — £, A + e) i.e. 

niH[Uj,p]){X + e) - n{H[U,,p])iX - e) > fc(j). 

For a pattern P E V Lemma l2.ll vields that the frequency i/p along (Uj) is the same as the 
frequency along {Uj_p). As these frequencies are assumed to be strictly positive for all patterns 
which occur in C, the number of disjoint occurrences of C\q in Uj^p grows linearly in the volume 
of Uj,p, for large j. Thus we can find a c > such that k{j) > c\Uj^p\ holds for large j. Using the 
uniform convergence of n{H[Uj_p]) we see 

,.([A-e, A+s]) = hm nmU,M)iX + e) - ni^^^^^^^^ ^ kjj) ^ . 



j^oo |C/j^fl| dim (H) i-i-oo |l7j_^| dim (?^) dim (H) 

As c is strictly positive and e > was arbitrary, we conclude that A is in the support of /i^f . 

Now we start with A in the support of fin- Thus for each e > we have a c > such that 
IJ-h{[X — £, a + e]) > c. By uniform convergence this gives that 

n{H[Uj,p]){X + e)-n{H[Uj.p]){X-e) > ^dim{n)\U,.p\ 
holds for large j. Now we use Proposition 17.21 to observe 

\\n{H[U,^2R]) - n{H[U,,p])\\oo < 4 dim(H)|9«,C/,- fl| 
which leads together with triangle inequality to 

n{H[Uj,2R])iX + e)- niH[U,,2R])iX - e) > | dim(H)|f/,,K| - 8\dLUj.R\ dim{n) 
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for large j. As the right hand side is positive for large j, there exists an eigenvalue A G [A — e, A + e] 
and a normalised eigenvector u G ('^{Uj,fj,, %) such that {H\Uj,2R\ — = holds. From this we 
have 

\\iH[U,,n] - X)pu„,u\\ = \\iH[U,.j,]-X)pu„^u + (X^X)pu,^,u\\ < \X - X\ < e 

with a normalised vector u = iuj 2fi^ ^ 1^{G,'H) which is supported in Uj^2R- By we get 
II {H ~ X)u\\ < e and (j{H) n [A — e, A + e] 7^ 0. Since e > is arbitrary, we infcr that A belongs to 
a{H). ■ 

The following example shows that the positivity of the frequencies is a necessary assumption. 

Example 4.11. Consider the same situation as in Example 14.81 but now choose the colouring 

white if X > or a; < —100 or x = 'dk for fc G Z 
black else. 



C:Z^ A, C{x) 



Again we treat the case where edges only exist between black vertices with distance one. The 
restricted adjacency operator A[Vj], with Vj as in ((T8| . has for 1 < j < 33 the eigenvalues —1,0 
and 1 each of them with multiplicity j . From this we get in particular that — 1 and 1 are elements 
of the spectrum of A. 

However the frequencies of the patterns that give rise to these eigenvalues is zero. For all j > 34 
the multiplicities of the eigenvalues —1 and 1 remain 33 and the multiplicity of the eigenvalue 
equals 33 + 3j. Therefore for increasing j the steps of the cumulative eigenvalue counting become 
relatively small. This implies that the IDS is the function 

»<^) ^ { ? e,:^ " 

Thus the topological support of the induced measure equals {0}, though —1 and 1 are in the 
spectrum of A. 

The next corollary characterises the set of points at which the IDS is discontinuous. It has 
been obtained previously in |LV09j by different methods. For earlier results characterising the set 
of jumps see e.g. |KLS03] . |Ves05j . Related results pointing in this direction have been observed 
already in jKuc91[ IKuc05| . 

Corollary 4.12. Assume \4-9\ and let A G R. Then the following assertions are equivalent: 

(i) A is a point of discontinuity of Nh, 

(ii) there exists a compactly supported eigenfunction of H corresponding to X. 

Proof. Let u be an eigenfunction corresponding to A with r > such that supp(m) C Br holds. 
Let Q be a finite subset of G. Set P := C|b^, then each copy of P in C\q adds a dimension to 
the eigenspace of pqIHq belonging to A. We denote the number of disjoint copies of _P in Q by 
ijtp{C\Q). A simple combinatorial argument shows |i33,.|ttp(C|Q) > tJp(C|Q). With this we get 

n{H[Q]){X-e) ^ 7i(g[Q])(A + e) - ip(C|Q) ^ 7i(g[Q])(A + e) ^p{C\q) 

\Q\ - \Q\ - \Q\ \B3r\\Q\' 

Now we substitute Q by the elements of the F0lner sequence {UjM)j£N 

n{H[Uj,R])iX + e) n(i?[C/,- fl])(A - e) ^ Hp(C|c/„«) 



\Uj,r\ \Uj,n\ - \B3r\\U,,R\ 

li j ^ 00 we get 

(20) NH{X + e)-NH{X-e)> > 0, 

\B3r\ dmi(H) 

where we used Lemma 1 2. II As e > is arbitrary, we infer that A is a point of discontinuity of Nh- 
Let A be a point of discontinuity of Nh and (tj)jeN F0lner sequence given in (|4.4p . Theorem 



shows that the distribution function n{H[Uj_R]) / {\Uj_ii\ dim('H)) converges to Nh with respect 
to the supremum norm. Since A is a point of discontinuity the jump at A will not get small, i.e. 

dim(ker(iJ[!7,- fl] - A)) = lim(n(i/[[/,- fl])(A + e) - n{H[U,,R]){X - e)) > c\Uj,r\ 
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for a c > and all j G N. Wc also know 



Id U ■ I 

and since Uj^r is a F0lner sequence ' yij_ tends to zero for large j. Thus we get that 



dim(kcr(i?[[/,.p] - A)) > dim{e\df^tU,.R)) 

holds for large j. By using Proposition 17.31 we find an eigenvector u oi H with suppu C C/j^sp for 
some j G N. ■ 

Remark 4.13. Part of Corollary 14.121 can be sharpened to obtain a quantitative estimate. First 
we will discuss the size of a jump of the IDS at a point of discontinuity as it is estimated in line 
(j20p . If V is an eigenfunction with support in Br then any pattern which is equivalent to C|b^ 
will support an eigenfunction which is a translate of v. The frequency describes how often the 
respective pattern occurs in the colouring. In this sense it describes also the density of translates 
of the eigenfunction v. Thus it is natural that the size of the jump is proportional to vp. Since the 
IDS measures the number of eigenstates per unit volume, the size of the ball B^. and the dimension 
of the auxiliary Hilbert space "H enter in the denominator of the size of the jump. In fact there 
the term |B3r| rather then \Br\ occurs since in the proof of CoroUarv 14.121 we are interested in 
the number of disjoint occurrences of a pattern in a certain volume, whereas the frequency vp is 
defined in terms of overall occurrences of the sought pattern. 

An analogous reasoning shows that if we have m linearly independent eigenfunctions in £'^{Br) 
to the energy A then the size of the jump will obey 

Nh{\ + e)- NniX - e) > ^H^'^^^V 

\B3r\ dim(H) 

for any e > 0. 

5. Applications 

5.1. Abelian groups. In this section the main results arc applied to the case where the group 
G equals Z^, as an example for a finitely generated abelian group. Let S be the usual set of 
generators given by 5 = {±si, . . . , ±Sd} with Si{j) — 5ij. It is easy to check that the sequence 
(Qn) of cubes Qn = {0, ... ,71 — 1}'* is a F0lner sequence. Moreover for each ?i G N the set Q„ 
symmetrically tiles Z'' with grid {nLY . 

Assumption 5.1. Let {Qn) and S be as above. ^ is a finite set of colours, C : G ^ Aa. map called 
colouring and {Uj) a F0lner sequence along which the frequencies of all patterns P G UnsN 'PiQn) 
exist. 

One obtains the following corollary as a special case of Theorem 13.11 by using the equalities 

(21) \Qn \ = n^^ and diam(Qn) = dn. 

The following Corollary recovers the main result of |LMV08| . 

Corollary 5.2. Assume \5.1\ For a given C-invariant and almost- additive function F : T(%'^) — > X 
the following limits 

^:^limfflfl=lim ^ '^^^ 
exist and are equal. Furthermore, for j, n G N the difference 



f'K) ^ .. PC) 



' PGT'(Q„) 



satisfies the estimate 



(22, A,,„)<i^,(a+Z„^^.C E , 
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Assumption 5.3. Assume 15.11 and additionally that H is a Hilbert space of dimension k < oo 
and H : %) — !> P'ill^ ^ TL) a selfadjoint, C-invariant operator of finite range with overall range 

R. 



By Theorem 14.51 the Assumption 15.31 implies that there exists a unique distribution function 
Nh such that the estimate 



k\U- 



-N, 



H 



j,R\ 



\F)Rr) I I Qdiam(Q„)rr 



\Qn 



Vp 



\dLUj\ 
|C/,I 



holds for all j, n G N. Using the equalities ([?!]) and the inequalities 

(23) \B„\ < {2Rf and \d^{Qn)\ < (n + 4i?)'* - n'^ 

leads to a slightly weaker corollary. 



Corollary 5.4. Assume 1 5.31 Then there exists a unique distribution function Nh, such that 
n{H[Uj^ii])/ {k\Uj^ii\) converges to Nh with respect to the supremum norm as j — > oo. In fact, the 
estimate 



k\U- 



H 



AR 



<8 1 + — -1 +(l+4(2i?)"') 



E 



PeV{Q„ 



\dLu,\ 

\U,\ 



holds for all j, n e N. 



In the situation where the frequencies i^p of all patterns P £ UneN^('3") exist along the 
sequence of cubes (Qn) we set Uj := Qj for aU j G N. Again by using (pTj) and (f^. the estimate 
in Corollary 15.41 can be replaced by 



k\Qj,R\ 



N, 



H 



< 



+ E 



-l)+(l+4(2i?)'^)((l + ^)'-l) 

ttp(C|Q,) 



4R 
j 



If furthermore A consists of only one element, all information given by a pattern P G P is its 
domain D{P). Therefore in this situation the frequencies vp exist for all patterns P £ P along 
any F0lner sequence (Uj). In fact 



(24) 



-. . ^p{C\Qj) |Qj,diamg(P)| 

- m - m 



for j — > cx) 



holds and hence z/p = 1 for all P <E V. Note that V{Qn) contains just one element. In this 
situation we get 



(25) E 



| ttp(C|Q.) 



Vp 



< 



-j^ _ |Qj,diamQ„| ^ |^ 



diam Q„ t 



\Q. 



< 1 



4rfn 



and hence that the estimate 



N, 



H 



k\Uj,p] 

holds for all j, n G N, where c = 6{2Ry 



<c 1 



cn 
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5.2. Heisenberg group. The discrete Heisenberg group i?3 is a prominent example for a non- 
abehan, finitely generated group. A finite system of generators S gives rise to the Cayley graph and 
the adjacency operator. We are interested in the spectral distribution of this operator. Applying 
Theorem 14.51 leads to a uniform approximation of the IDS. The elements of the discrete Heisenberg 
group are given by the set 

' '1 0^ 
iJc. := <^ I a 1 ) a, &, c G Z 

,c b 1. 



We denote an element of by 



{a,b,c) 




The group multiplication is induced by the usual matrix multiplication, therefore the product and 
the inverse for two elements (a, &, c), (a', 6', c') S are given by 

(a, 6, c)(a', b' , c') = (a + a', 6 + 6', c + c' + ba') and (a, 6, c)^^ = (—a, ~ c). 

It is easy to check, that the set S := {sf^,sj^} with si = (1,0, 0),S2 = (0, 1,0) is symmetric and 
generates H^. Let the sequence of subgroups (Gn) be given by G„ := {(a, b, c)|a, & G nZ, c G n^Z}. 
One can show that for each n G N the set Q„ ~ {{a,b,c)\a,b G Z(0, n — l),c G Z(0, — 1)} 
is a fundamental domain for G„ in H^, where we use for u < w G Z the notation Z(it, w) := 
{u, u + 1, . . . , v}. Now we prove that ((5„)n£N is a F0lner sequence. Since the equality 

|g„^\Q„| -^|Q„.s\Qn| 

holds, we study the size of the four disjoint parts of the boundary |Q„.s \ Qn\, s G S separately. 
For the first part we get 

|Q„.si\Q„| = \[{a + l,b,c + b)\a = n-l,beZ^-\ceZf-^} 

+ |(a + l,fe,c + 6)|aGZJJ-2^ b E cezf-^ 

n~l 

b=0 c=0 

3 o 2 

= -n -n +-n, 
where we used X]"=i * ~ '^^{i^ ^ !)• Similarly one can show 



c> 



\Qn^l \ Qn I 



3 Q 9 1 



and \QnS2\Qn\ = \QnS2^ \Q7i\ = 



2 2 
for the other generators. Therefore we have 

\QnS\Qn\^5n^ -2n^ + n 

for the boundary of a set Qn- As the volume of the fundamental domain Qn is equal to n"* we get 



lim 

n^oo 



\Qn\ 



0. 



Thus, the sequence (Qn) is a F0lner sequence and H3 is amenable. We consider the trivial 
colouring, i.e. |^| = 1 on H^. In this case vp = 1 for all patterns P gV, cf. ([24)). The adjacency 



operator A : i {H3 
Af{x) 



'(i/a) is defined pointwise for x,y & H3 and / G i {H3) by 



X] Mx',y)fiy)i where 



A(a;,y) 



1 ifds(a;, y) 
else. 



1 
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This operator is obviously selfadjoint, of finite range and C-invariant with overah range R{A) ~ 1. 
Hence, the Assumption 14.41 is fulfilled and we can apply Theorem I4.5[ which gives us the uniform 
convergence of the cumulative eigenvalue counting function and the estimate 



< 8 ' +(i + 4|5ii)i 



\Qj,i\ " oo - |Q„| ^ ' \Q 



E 



Vp 



\Qj\ \Q. 



Here we used that the ball of radius one contains exactly five elements. Since there exists only 
one pattern with domain Qn the last sum is not larger than |(5j|~i|9^'^™'''^"-'(5j|, cf. (|25p . Thus, 



Na 



< 8 ' ,„ ^' +23- 



\Qja\ oo - \Qn\ IQ, 



holds for all j, n e N. 



Remark 5.5 (Diameters of Qn)- Up to now we have discussed two features of the sequence (Qn)' 
Each of its elements symmetrically tiles G and the sequence has the F0lner property. Now, the 
latter is a statement about the quotient of the area of the boundary of Qn and the volume of Qn- 
For certain questions it is desireable to relate this quantities to the diameter of Qn- From the 
above calculations and reference jBla03| we conclude that 

n < diam((5„) < 6n, \Qn\ = n^, \QnS \ Q„| = hn^ — 2n^ + n < 6n^. 



Using the isoperimetric inequality |F0l55[ IZukOO (valid for any finite subset Q of an arbitrary 
Cayley graph of the group G with generating set S) and Lemma 12.11 we obtain 

|Q|< ds{en)<\S\\QS\Q\{l + AmiTv{Q)) 

Thus it follows that for all Qn we have a tight upper and lower bound for the above mentioned 
quotient (as far as the power of n is concerned): 

1 ^ 1 ^ \QnS\Qn\ ^ 6 

28 n - |S'|(l + diam(Q„)) " |Q„| " n 

In some sense our choice of the sequence {Qn) is optimal, at least if one looks only at the order of 
powers of 71. If we minimize the quotient over all subsets Q of G with diameter n we obtain 

inf ' 



diamQ=n \Q\ 4 + 4n 

Note also that the tiles Qn have the same relation between diameter and volume as balls of radius 
n: 

\Qn\ ^ (diamQn)"*. 

This implies that for lower bounds on Laplace eigenvalues in terms of Cheeger inequalities the 
tiles Qn are equaly good as balls. 

5.3. Periodic operators. An important class of operators to which our theory can be applied 
are those which are invariant with respect to a periodic colouring. Here are the details. 
Let G be a finitely generated group, F a locally finite graph with a countable set of vertices and 
T a representation of G by graph isomorphisms Tg : T ^ T, g G G. We furthermore assume that 
the action T of G on F is free and cocompact, where free means that for any distinct g, /i e G and 
all 7 G F we have Tg^ ^ T^^. By the cocompactness assumption we have that the quotient space 
T/T is compact and in this case even finite. 

A fundamental domain 2? C F contains by definition exactly one element of each equivalence class 
of F with respect to T. Therefore V is also finite and this implies that the vertex degree of F is 
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bounded. Consider for example the Heisenberg group acting on the Cayley graph of with 
respect to a fixed generating system, where the action of Tg is given by 

TM = 7,9" 
for a fixed n G N, aU 7 G i?3 and aU g <E H3. 

We will use the relation between the group G and the graph F to convert an operator defined on 
£^(r) to an operator on £^{G,'H) for an appropriately chosen finite dimensional Hilbcrt space Ti. 
Let A : i'^{T) — > £^(r) be linear, selfadjoint and invariant under the action of T, i.e. 

(26) Aix, y) = A{TgX, T^y) Vx, y e T, .g e G. 

We furthermore assume that A is of finite range, which means that whenever the graph distance 
between x and y is larger than a constant p, we have A{x, y) = 0. 

As the fundamental domain 2? is finite, % := P{T>) is of finite dimension. Next we define a unitary 
operator U : £^(G, "H) — >■ £^(r). For any elements e ^^(G,H) and g G G we can decompose ■(/'(s) 
according to 

where Si, i G I? arc the basis elements of £^ (V) . It is clear that the coefficients -0^ (g) are uniquely 
determined. For a given 7 G F we choose the elements i E T> and g E G such that 7 = Tgi holds, 
to define Ui/j{'-f) :— ipiid)- It is not hard to check that the operator U* : ^^(F) £^{G,H) given 
by U*(p{g) = J2iev v(^s*)'^i f G ^^(-T) .g G G is the inverse and the adjoint of U. 
Finally we define the operator H := U* AU : e^{G,n) e^{G,n) and need to show the C- 
invariance and finite range property to apply our theorems. We start with the second one: let 
a,6 G G be arbitrary. For the natural projection pa and inclusion it, defined as in (jl3p and (|14p 
we get that Uib maps an element of TL to TtV := {7 G F|Elz G V such that 7 = T^i}. Accordingly 
the value oi paU*ip depends only on the elements 1/3(7) ^ov 7 G TaV. Thus, if the distance between 
TqP and T^T) is larger than p, the operator paU* AUib is equal to zero. As V is finite we can find 
a Rfr > such that ds{a,b) > Rjr implies paHi^ ~ 0. Since the operator A has the property 
(|26p we get that PaHib = Pa+gHib+g holds for all a, 5, g G G, which implies the C-invariance. 

5.4. Percolation Hamiltonians. In this section we discuss randomly coloured graphs and show 
the existence of frequencies vp for all P G T' along any F0lner sequence. In fact we even give a 
precise formula to compute these frequencies. 

We consider a randomly coloured infinite Cayley graph F = F(G, S*), where each vertex is 
coloured in one of the |^| colours independently from the others. Each of the colours is chosen 
with the same probability, namely |^|~^. More precisely, we consider the following probability 
space: The sample space = = {Lu{x))xeG I i-^ix) G A} is the set of all possible colourings of 
the graph. We take B to be the cr-algebra of subsets of Q, generated by the finite-dimensional 
cylinders. Finally, we take the product measure /i — JlgeG 1^9 '^^^ '^)' where /i^ is a probability 
measure on A given by 

^J.g{L^{g) = «) = Mae A. 

For X € G and w G ri a translation of a colouring uj is given by lux : G ^ A, y ^ U!{yx~^). 
This defines a measure preserving action of G on the measure space {n,B,n). Furthermore the 
independence of the randomly chosen colours implies ergodicity of the action of G on {Q,B,i-i). 
This means that ii A e B satisfies Ax = A for all x € G, then ^{A) G {0, 1}. 

Let P : D{P) — > ^ be a pattern with domain D{P) G ^(G) containing the unit element. The 
set Ap = {uj € fl \ U!\p)(^p-j ~ P} consists of all colourings, which coincide with P on D{P). Let 
/p : O — {0, 1} be the indicator function of Ap. Then we have 



(27) 



7eQ,i,diam(I3(P)) 76Qn 
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For a given F0lner sequence (Qn ) this immediately proves 



One the other hand we have 



oo 



for all i? > 0, which implies 

VP ^ Van ^^1''^^'^"'' > lim V /p(a;7-^) = Imi V /p(w7-^) 

\Qn\ \Qn\ ^„ \Qn\ ^ 

using the first inequality in (|27p . If (Qn) is even a tempered F0lner sequence, we can apply 
Lindcnstrauss' pointwise ergodic theorem from |Lin01| . Note that every F0lner sequence has a 
tempered subsequence. Lindcnstrauss' theorem proves that the above limit exists almost surely, 
in fact 



^ E fp^^l^') = E(/p) a.s. 



Therefore for almost all configurations a; S f2 the frequency vp of an arbitrary pattern P G V 
equals the expectation value E(/p). Thus we get 

lyp ^ E(/p) = //(a; £ Ap) = \A\-^^'^^^^ a.s. 

Remark 5.6. In the main theorem in section 4 we verified the uniform convergence of a sequence of 
distribution functions to a limit function. The integrated density of states was then defined to be 
equal to this limit. There is an alternative way to define the IDS in operator-algebraic terms. In 
fact it is in many cases possible to state a specific formula defining this distribution function. This 
relation is sometimes called Pastur-Shubin trace formula and applies to the mentioned models of 
(deterministic) periodic operators and (random) percolation Hamiltonians. In the deterministic 
case this formula reads 

N{E) = \Q\-' Tt[xqP{{-oo,E))]. 

Here the set Q is a fundamental domain of the group G with respect to some finite index subgroup 
of G (e.g. G itself) and P{I) is the spectral projection of the operator H on an interval / CM. 
Note that the choice of the fundamental domain Q does not influence the IDS. For a percolation 
Hamiltonian H^^ an expectation value enters the formula 

NiE) = |griE{Tr[xQP.((-oo,i?))]}. 

See |LV09j for a discussion of a general class of operators for which uniform convergence of the 
IDS and a Pastur-Shubin formula can be proven. 

5.5. Continuous dependence of the IDS on the Hamiltonian. In the following we describe 
a continuity property of the IDS with respect to the change of coefficients of the Hamiltonian. For 
this purpose we fix a graph G, a finite alphabet A, a colouring C: G — > ^, and sequences (C/, ) and 
{Qn) as in Assumption 12.51 In particular we assume that the frequencies vp exist for all patterns 
P G UnGN^('3")- I^O'^ ^ fixed i? G N we consider the set of C-invariant, selfadjoint operators on 
£^{G) with overall range R, and denote it by Lp,c- 

We will denote the trace class norm of a matrix Ahy ||A||Tr- Consider e > and two operators 
H,G € Lfifi with the property 

Vx-,yeG : \H{x,y)-G{x,y)\<e 

and set yl = iJ-G respectively = H[U]-G[U]. By the decomposition A [[/] = A+[U]-A^[U], 
A+[f/], A_[C/] > into the positive and negative part of A[U] and the triangle inequality of the 
trace class norm we have 



\\A[U]U<\\A+[U]\W, + \\A^[U]\\ 



Tr 
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< TrA+[U]+TTA^[U] 

xeu xeu 

<Y,\\A4U]\\ + Y,\\A^- - 

xGU xeu 
<\U\\\A4U]\\ + \U\\\A^ 

Since the positive and negative part of a selfadjoint operator are obtained by the multipHcation 
with an orthogonal projection, we obtain: 

\\A4U]\\ + \\A4U]\\<2\\H[U]^G[U]\\. 

Now we estimate similarly as in Remark |4 . 2 1 using ||A[?7]|| < and = |A(a::,j/)| < e 

2\\H[U]~G[U]\\<2\BR\e. 

For the spectral shift function of finite matrices 

H[U],G[U]) Tr [x(-oo,£] {H[U]) - X(-oo.£] {G[U])] 

it is well known that 

/ dE\aE,H[U],G[U])\ < \\H[U]-G[U]\\Tr, 
cf. |BY93| . By the above bound we have 

dE\aE,H[UiG[U])\ <2\BR\e\U\. 
Now for any C^-function / : M M with compact support we have 

Tr/((i?[C/]))-Tr/((G[C/]))= / dEf {E) ^E, H[U],G[U]) < ||/'||oo / dE l^E, H[U],G[U])\ . 



For given U G ^(G) we set Nnif) J^f{E)dNH{E) and iV^(/) := f{E)dNj^(E) = 
TYf{H[U])/\U\, where Nj^{E) := n{H[U])/\U\ and consider the following difference 

iNnif) - NaiDl < {Nnif) - iV|^(/)| + \N^{E) - N^{E)\ + \N^{E) - Ng{E)\ . 

We estimate the term |A'^|^(/) — (/)l independently of U using the above calculations 

1^1 Tr/((ff [[/])) -Tr/((G[C/]))| <2||/'|U|Bfl,|£. 
Let fc G N be such that the support of / is contained in the bounded / = (— fc, /c) C M and consider 



f{E)dNHiE)- / fiE)dN^{E) 
I J I 



fiE)d{NH{E)-N^{E)) 



\NH{.f)-NM\ = 
We apply partial integration for Stieltjes integrals and obtain 

fiE) d (NniE) - NjiiE)) = f{E) {Nh{E) - N^E)) \ ~ f (NniE) - dfiE) 

{N}^{E) - Nh{E)) f'{E)dE. 
Now choose U to be an element of the sequence {Uj,B) and obtain 

< \\Nh - nI-'^W^ j^\nE)\dE <5{jM\U'^k 

where 
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denotes the upper bound in Theorem 14.51 on the uniform convergence of the approximants. As 
hm„^oo limj^oo S{j, n) ~ wc finally get 







for j oo, which proves 

\NH{f)-NGif)\<2\\f'\UBR\e. 

for any compactly supported / in C^. 

As a conclusion, we see that the IDS depends continuously (in the weak topology) on the 
variation of the coefficients in the matrix of the Hamiltonian H. 



6. Open problems 

Here we discuss certain questions which arise naturally in connection with our theorems. 

Geometric properties of F0lner sequences. 

• The first question concerns the geometric requirement on the group G, respectively the 
Cay ley graph. It needed to contain a F0lner sequence (Qn) with the additional property 
that each set Qn symmetrically tiles the group, i.e. for each n £ N one can find a set 
Kn = C G such that {QnQ I .9 G K,i] is a partition of G. It is clear that this 
property holds if there exists a sequence of subgroups ((?„) such that one can choose the 
associated fundamental domains {Qn) as F0lner sequence. 

Thus one is led to ask whether the set of groups containing a F0lner sequence of symmet- 
rically tiling sets can be efficiently characterised. From jWeiOli IKri07| one can infer that 
all groups which are both amenable and rcsidually finite satisfy this condition. However 
a necessary condition is still missing. For a discussion of such problems see for instance 
[OW87llWei01j . 

• Let us discuss some related properties of growing subsets of G. As mentioned, for any finite 
index subgroup G' of G each fundamental domain is a monotile of G. One could ask if 
the converse holds true. More precisely, if F tiles G: is there a finite index subgroup G' of 
Gl Is F even an fundamental domain of G"? Another question is based on the extension of 
|Wei01| due to Krieger jKriOTj who showed: Assume the existence of a decreasing sequence 
(-ffn)nGN of finite index subgroups of G such that HngN^" ^ {^}- Then there exists a 
sequence of subgroups {Gn)neK of G and a sequence of associated fundamental domains 
(Qn)rieN such that (Q„) is a F0lner sequence. Again, one can ask whether the converse 
holds. Given a group G, a sequence of subgroups (G„) and F0lner sequence (Qn) such 
that each Qn is a fundamental domain of G„ with respect G, does it follow that: 

— Goo HneN clement and 

— there exists an decreasing subsequence in (G„)? 

• The next open questions concerns the assumption that each element of the F0lner sequence 
tiles the group with a symmetric grid. One could suppose that if there is some (not 
necessarily symmetric) grid K (Z G along which Q tiles G, one can find a set set K = K^^ 
such that Q tiles G along K as well. 

Weiss proved in |Wei01] that all groups that are built up by extensions using Abelian 
groups or finite groups obey F0lner sequences of monotiles. This includes in particular 
the set of all solvable groups. Therefore all these groups whould fit in our setting as well 
if the above conjecture holds. 

Approximation of the IDS with respect to different norms. 

• The main result of section three is Theorem 13.11 which is an crgodic type theorem for 
certain functions mapping finite subsets of the vertices of a graph G into a Banach space 
X. In the sequel we used this to obtain uniform estimates for the integrated density of 
states by setting X = ;B(R), the Banach space of the right-continuous, bounded functions 
/ : R — > R equipped with supremum norm. 

One could think of other applications of Theorem 13. II considering different Banach spaces. 
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e.g. X = LP(M) for p G [1, oo). This would lead to estimates for the speed of convergence 
in terms of L^'-norms. This seems to be a fruitfull approach when considering Schrodinger 
operators on W^, cf. }GLV11| . More generally, our abstract approach would even allow 
to study convergence of counting functions which are elements of an appropriately chosen 
Frechet space, cf. Remark 1531 

Extension of the methods for other classes of operators. 

• The operators which we considered in Section 4 were defined on £^{G,TL), where was 
a finite dimensional Hilbcrt space. Physically, H encodes the internal degrees of freedom 
associated to a fixed vertex of G. There are interesting situations where the internal space 
is infinitely dimensional, for instance TL = L'^{U), where U is an open subset of M.'^, or 

n = e^z). 

Our results cannot be directly applied to such models, since we used the finite dimension 
of "H at several steps in the proof. It would be interesting to implement a version of our 
methods which work also for infinite dimensional Ti. 

• A strong restriction on the type of operators which we can treat with the methods of this 
paper is that they have to be of finite hopping range. The same restriction applies to most 
of the papers mentioned in the introduction, for instance |MSY03 , KLS0 3. VesOSl ILV09| . 
In particular it is not clear how the results of these papers can be extended to the case 
when the difference operator on P{G) has a matrix kernel with very fast off-diagonal 
decay, albeit is not of finite range. 

• In the context of stochastic difference operators the methods mentioned in the previous 
item may be indeed applicable even it the finite hopping range condition is violated. This 
concerns operators such that the probability that a matrix element is non-zero decays to 
zero as one moves away from the diagonal. An example of an operator falling into this 
class is the adjacency operator associated to a long range percolation graph, cf. |AV09) . 

7. Appendix 

For the convenience of the reader we provide here certain rather standard technical results. 
One of them is the proof of Lemma [2J] while the others are used for the verification of the almost 
additivity of the cumulative eigenvalue counting function in section four. 

Proof of Lemma \2.1i For any Q G J^{G) the equivalences 

.9 e U ('3 \ Qs) ^ 3s e Br: g eQ,g <^ Qs 
seB„ 

^ 3s€BH:geQ,gs-' ^ I < dsig,G\Q) < R ^ g & dgt{Q) 

hold. This implies the first part of (a), the second part follows by a similar argument: 
ge[j {Qs \ Q) ^ 3s e Br -.g^Q, gs'^ eQ ^ l<ds{g,Q)<R ^ ge dgt{Q). 

seBn 

We turn to claim (b). Using (a) we obtain both 
and 

I U (u.AUA E \u,s\u,\ 

^ \OextUj\ ^ seBn seBn ^ \UjS \ Uj\ 

- m m - \u,\ \u,\ 

for j — > oo, as ([/j)jgN is a F0lncr sequence. This verifies the first two limits in (b), the third 
limit follows. Since the proofs of (c) and (d) are similar, we prove only (c). Let (Uj) be a F0lncr 
sequence. We firstly show 

(28) US C for all U G J"(G). 
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Choose X G US arbitrary, then there exist u ^ U and s £ S such that us = x. The case x £ U 
is clear since U C U^. li x ^ U wc get ds{u,x) = ds{u,us) = 1 which imphcs x G [/^ and (|28p 
follows. Now we claim 

(29) 9L([/fl,)ca«,((7) for all (7 G .F(G). 

For any x G dl^f{Ufi) wc have ds(x,Uii) = 1, which means that there exists y G Ur such that 
fis(a;, y) = 1. Suppose that x then we have y G d}^^{U) since y £ U. This would imply that 
y ^ ?7_R. Thus we have x £ U and ds{x,G \U) < R since x ^Ur which implies ((29)) . Observe 
that by using (b) we get limj_j.oo \Uj\~^\Uj^B\ = 1. Hence there exists a constant jo G such that 
— \ fo'^ i — Jo- Now the above facts imply 

for all j > jo- Since {Uj)j^fi is a F0lner sequence applying (b) finishes the proof. I 

Proposition 7.1. Let A and C be selfadjoint operators in a finite dimensional Hilbert space, then 
we have 

\n{A){E) - n{A + C){E)\ < rank(C) 

for all E £R. 

Before starting the proof of the proposition we mention some general facts concerning selfadjoint 
operators on finite dimensional Hilbert spaces. Given a Hilbert space of dimension n < oo with a 
fixed basis the above operators are hermitian matrices of dimension n x n. Since n(A) is defined 
as the eigenvalue counting function, we are interested in the relation between the size of the 
eigenvalues of A and A + C. This will be given with the help of the minmax principle of Courant 
and Fischer: Let Xi{A) < •-• < A„(A) be the eigenvalues of a hermitian matrix A, then the 
following equations hold 

(30) Xk{A) = min max {ip,Aip) 



11^11=1 



and 



(31) Afc(A) = max , , min i^^Aip) 

II'.' 11=1 

For the proof of this see for example |H J90| . where it is also stressed that the minimising re- 
spectively maximising vectors are exactly the eigenvectors: for all k = l,...n let fk be the a 
normalised eigenvector for the eigenvalue A^, then we get 

(32) Xk{A)= , min {ip,A(f) ^ , max A<^) 

llvl\=l Il4=ll=l 

Proof of Proposition \7.1\ For a given vector ^ G C" the matrix B := |0 (CI •= CC* is hermitian and 
of rank one. Given an arbitrary element s G C the equality {ip,sBLp) = s{cp,^){^,ip) = s\{(p,^)\'^ 
holds for all ip £ C" . By using ([5T]) we get 

Xk{A + sB) = max min {ip, Aip) + s{ip, Bip) 

II'.' 11=1 

= max min {ip, Aip) + s\{ip,(,)\'^ . 

ill,-- - ,i/)fc_ieC" ip±-ipi,--- ,4>k~i 
iif 11=1 

We estimate the maximum from below by setting "0^ = /i, i = 1, . . . , fc — 2 and ipk~i = where 
/i,i = l,...,fc — 1 are the normalised eigenvectors 



Xk{A + sB)> min {ip, A(p) + s\{ip,0\ > min {p, Aip) = Xk-iiA). 

,/fc_2,5 ip±fl,--- Jk-2 

l\vl\=i lkll=i 
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Similarly, by using the relation (j30p we get an upper bound for the k-th eigenvalue oi A + sB 
\k{A + sB)^ min , max {ip , Aip) + s\{lp , (,)\^ < max < Afe+i (A). 

llt=ll=l llfll = l 

This gives for arbitrary s G C and ^ G C", that for the matrix B the inequalities 

(33) \u-i{A)<\k{A + sB)<\u+i{A). 

hold. Now let C be a hermitian matrix of rank m. With the eigendecomposition we get C = 
S"=i'5iCiCj where Si are the eigenvalues and the normalised eigenvectors for i ~ l,...,7i. 
Since the rank of C equals m, there are exactly m non-zero eigenvalues in the spectrum. Thus 
the above sum consists of m summands. Induction over the rank of C, leads to 

m 

(34) Afe_™(A) < \k(A^^UB^ < Xk+„M), 

i=l 

where for each i = 1, . . . , m the matrix Bi is of the form Bi ~ for some eigenvector and 

ti is the associated eigenvalue. From p3p we know that this is true for m = 1. The inductive step 
follows with 

m m+1 m 

Xk-m^l{A) < Xk-l(^A + J2t^B^) < Xk [A + t^B^) < Afc+i (^1 + ^ t,S,) <Xk+m+l{A). 

i—1 i—1 i—1 

Finally we will translate ([M]) into the language of the eigenvalue counting functions. Setting 
k := n{A + C){E), leads to Afe(^ + C) < £; < Xk+i{A + C), which implies 

Xk-raiA) <E< Xk+m+liA) 

by using This gives us fc — m < n{A){E) < k + m which proves 

n{A){E) -m<n{A + C){E) < n{A){E) + m 
for all G M and the proposition follows. 

■ 

Applying this proposition on operators defined on a finite dimensional Hilbert space and their 
projections on a subspace, leads to the following proposition, which has already been proven in 
[LSHH] . 

Proposition 7.2. Let V be a finite dimensional Hilbert space and U a subspace ofV. If i : U V 
is the inclusion and p : V ^ U the orthogonal projection, we have 

\n(A){E) - n{pAi){E)\ < 4 • rank(l - i o p) 

for all selfadjoint operators A on V and all energies E £W. 

Proof. We set P :— i o p : V ^ V and use the triangle inequality to obtain 

(35) HA){E) - n{pAi){E)\ < \n{A){E) - n{PAP){E)\ + \n{PAP){E) - n{j)Ai){E)\. 
With the help of the equality 

A - PAP = (1 - P)AP + PA{1 - P) + (1 - P)A{1 - P) 
and the previous proposition we get 

\n{A){E) -n{PAP){E)\ < Tank{PAP ~ A) 

(36) = Tank{{l - P)AP + PA{1 - P) + {1 - P)A{1 - P)) 

< 3rank(l-P). 

Let denote the orthogonal complement of U and define Oij± : with / i— >■ 0. It is 

obvious that 

PAP ~iopoAoiop = poAoi(B Ojj± 

holds and therefore we have 
\niPAP){E) - n{pAi){E)\ = \n{j) o A o i ® Qu^){E) ~ n{pAi){E)\ = \n{Qu^){E)\ < dim(C/^). 
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Note that the dimension of equals the rank of (1 — P). Using this and ([36)) to estimate (j35p 
finishes the proof. ■ 

The next proposition is a weh known dimension argument from hnear algebra which we will 
state for completeness reasons. 

Proposition 7.3. Let H be a finite dimensional Hilbert space, U , V subspaces of H with dim U > 
dimV then dim^^ (lU >0. 

The following result can be found in |Sim87j and |LMV08| . It is a useful tool in the proof of 
the Corollary 14. 121 where the points of discontinuity of the IDS are characterised. 

Proposition 7.4. Let A be a selfadjoint operator on a finite- dimensional Hilbert space V . Let 
A G M and e > be given and denote by U the subspace of V spanned by the eigenvectors of A 
belonging to the eigenvalues in the open interval (A — £, A + e). If there exist k pairwise orthogonal 
and normalised vectors ui, . . . G V such that (A — X)uj , j — 1, . . . , fc are pairwise orthogonal 
and satisfy \\{A — A)wj|| < e, then dim{U) > k. 

Proof. We assume dim([/) < fc. Let S be the linear span of ui, . . . , Uk- By Proposition 17.31 there 
exists an unit element s e 5, which is orthogonal to U, c.g s G U-^. Hence, s is a combination of 
elements Uk with \\{A — A)?Ifcl| > e. This gives us \\{A — X)s\\ > e. On the other hand we know 
that s G 5 is an unit element combined by elements uj with || (A — A)uj || < e, j — 1, . . . , k, which 
implies \\{A - X)s\\ < e. ■ 

Acknowledgement. We thank M. Keller and F. Pogorzclski who pointed out an error in an 
earlier version of this paper. 
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